ST STEPHENS SCHOOL, CARRAMAR

YEAR 12: DISCRETE MATHEMATICS, SEMESTER 2 2007

[~ TEST : PROBLEM SOLVING

Name: | Total:

62

Teacher:

Time: 70 mins 1 Page of notes (2 sided). Use calculator where necessary.

GOOD LUCK!

1.{ 10 marks)
Find the next 3 numbers in each sequence:

a8 s, 2,1, ~4 7l 0
~, "% -3

w2, 4 7, 11, .16, .22.,.29.,
VL3 M gy ¥7

&2, 6, 18, 54,.162 URE \WSE 7
1:3 33 3<3 ‘

a9, 6 4, 3, .3..4%., .6 v
- S R B A +1

¢) investigate the tollowing L shapes and the number of squares required to make them.

Fill in the table:

L
Shape(L,) ©

Number of { 3 I
Squares(N) 5 / ) ' 13 3 71 A

) What is the rule that relates the number o@quares to the number of the L shape?
W ?) correct ooviables (V¢ L)

Nz 2L —fo@ ™ol
| d e e L
g) Use the rule to find the number of squares in the 300™ L shape

N 300+t




li

¥

2. (14 marks)
The Fibonacei sequence has the recursive rule:

Foa=Fa+F , F=F=1l
(a)  Listthe first 5 terms of the Fibonacci sequence, [2]

0, 1,2,3,5 -

(b)  Find » in each of the following:
() R+F+F=F-1 [2]

l+!+,3v Fn_(
Fn"‘( /

1] Fi

a
CY\_ =g )., N = 5 /
i) H+E+E+E=FE -1 2]
Fn=¢ —
() BB+ Bt Byt By by = By 1 o
@) F;+FZ B A B Bt oy + By = F, —1 [2]

N=(OA v\

(c)  The Lucas sequence has the recursive rule: -
Ln+2='[’ﬂ+l+Lu L Ll =1 Lz =3

By considering simple cases and looking for patterns, suggest the values of the
constants k and ¢ in the following:

L]+L2+L3+L4+L5+ """ ‘[’11—1+L11'=Ln+k"c [4]
L—I T+ e + Lg - Ls"“}

L+ 3 +4 28 =2 Lg-3 /
L|+L7_+L5+L4 = Ly=3

L B Lo+ 7215203 |/

L\+L'2.+"~-L.n:Ln.+z-3

,"‘Z Q_, "
C =" "

3]
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3 (23 marks }

. The following rules of divisibility apply to counting numbers,

A number is divisible by

2, if the last digit is divisible by 2.

3, if the sum of its digits is divisible by 3.
5, if the last digit is 5 or 0.

9, if the sum of its digits is divisible by 9.
10, if the last digit is 0.

eg.  If we were testing a number, say 48, for divisibility, we would proceed in the way described
below:

48 is divisible by 2, since 8 is divisible by 2

48 is divisible by 3, since 4 + 8 = 12 is divisible by 3

48 is not divisible by 5, since 8 is not 5 or 0

48 is not divisible by 9, since 4 + 8 = 12 is not divisible by 9
48 is not divisible by 10, since 8 is not 0

(2) By using the word “AND” combine some of the above rules to produce & rule for divisibility

@ 6 [2]

L Hae \ayh d»kjd‘ s damsihble ’03 2
AND
& P soml ik dws\h VWY AT L:nj 3

@) 15 | 2]

- M s o ks M\J’s (s dawisihly bkjg
AND
o Lovk dagut 15 5 om0

G 30 . 2
d Mg sumof s A3 & duwrisihle b7 3
AND
Mg {ash d/\-ql]" N 3.




If the Universal set includes all integers from 1 to 20 inclusive,
(b) List () A, which is the set of numbers divisible by 3
% G { {
E T/ i / E ¢ g; 2
(i) B, which is the set of numbers divisible by 5

é ?/ to, /{‘}2%

(i)  C, which is the set of numbers divisible by 15

{53

(iv) P, which is the set of Prime numbers
{ 1,3,6,7,1/,/3,/7,[4;§

(iv})  F, which is the set of Fibonacci numbers

(rﬁlllzzg-/g/‘?} /33

(v) FnA
(3
(vi) FuUA

Z A3,56,8,9, 12,13 05, 18

(¢) I AP and F are as defined earlier, complete the Venn diagram,

[1]

[1]

[1]

2]

[1]

indicating the

number of elements in each region.(the table below will help you) [8]
P
A
F.'
’ .
12314 [51]6[7 89 10[11]12][B[14]15]16]17 1819720
A e v v v v v
P % i e ‘/’ I L .l
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4, [ 10 marks]

A law of indices states that o™ . ¢ = ™"
Example: 375,373 = 3-8 , orextendedto 37°,37% 371 =37

The following sequence shows four ff\alctors as the beginning of a sequence of factors.

— 7 G Ly 3
39,379 37131222 30 3 %
6 fwcho :ﬂ'l
(a) Evaluate the product o/% eight such factors. [2]
* 5
33 23 = L 30uL6T2
(b) Evaluate the product of ten such factors. (2]

.%"Hﬂ-'u- o413

2 g4 12158 ¥ 10"

(c) Determine the least number of factors of the above sequence that are required
to make a product of at least:

@’ 7 Ruchon | | (2]
@1 6 Pucrn 2]
W anlla. G107 72 27 , ’5"':’ :43,5’({5/7 Zf ) 2

T (atdog, ¥

5, [ 5 marks ]

Melanie wins Lotteryo.

She is given the choice of:

A One million dollars.

B

OR

1 cent on November 1%, 2 cents on November 2" 4 cents on November 34 doubling

each day until and including, November 30,

Which prize is more valuable, and by how much?
Show all working. [5]

A S

i

a(rﬂ *0

i1
- i({l‘?:o__])
J
= 2‘!."__’
= 73141828 ¢

@ < j’mj 3741% 23

B ror wleatli by $9737405.23
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1 {4marks) - . o L i Temlia

The diagrams show the first four triangular nu‘mbers: 1,3, 6, 10,
ltcanbeseenthat To=T1+2, Ta=Ta+ 3, Ty=Ta+ 4.

L ] [ ] ] L ]
* » ] ] L L ]
_-,5.~==.'¢_>_s-;‘».il i B . . b * . . - D e
® ] ] o
- T Tz  Ta Ty
/ .
(@)  Generalise from this to write a recursive definition that will define the
| \ sequence of triangular numbers. [2]
l
............................................................. /
............................. T T At T T
L /;...,/7 Ve /
e e e e bt ee e ee s b ea e e e e et ene e / ............................
............................... Tl Bl AAN o Tomd
¥/ 3 o 7/ /
WF R, Tt F BT E G
J Z . . =
(b)  Find-an expression for T, in terms of n [2]

...................................................................................................................

.............................................................................................................

t
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8t Stephen’s School 3.
2 (B8 marks)
A Harmonic Progression (HP} is obtained when each term of an arithmetic
sequence {(AP) is inverted. '
For example:
1,2,3,4, ....... istheAP) = 1,211 (is the HP)
GFTAY e N AN e
R (is the AP) = 12,6,4,3, ........ (isthe HP)
12 6°4°3
(a) Find the 10" term of the HP in which the second and sixth terms are L
1 "??g,a}p,rf’l‘?";ff' 2
and m respectively. e 131
............. AP = Z =S
.................................... ds /b . d=mF
..................... Az Biin o= m2 T g = S
/ o e
AP [ =
............................................... /0?‘?_
' . 111 1
(b) A sequence of numbersisof —,—,—,—, .........
3°8713°18
(i) Show that it is an Harmonic Progression. [1]

......................... /'f/)—‘—"‘“b;g//—;/ga/zgﬁ/f
| o Ly N/

..................................................................................................................

(i) Find the sum of the first 8 terms of the arithmetic sequence which
is defined by the above harmonic progression. [2]

...................................................................................................................

..................................................................................................................
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2 (6 marks)

A Harmonic Progression {(HP) is obtained when each term of an arithmetic
sequence (AP) is inverted. '

For example:

1,23, 4 o (sthe AP) = 1, %%% ..... (is the HP)
ifrf‘nﬁ‘f\} L S Tt . l :_:,}F--_.:?;n_‘;é._ﬁ:#\r_rl;:_= s
prrro (sthe AP) =  12,6,4,3, ........ (is the HP)
127643
(a) Find the 10 term of the HP in which the second and sixth terms are —

"2, é‘)jp,;ﬁl/;g’

[3]

and % respectively.

(i) Show that it is an Harmonic Progression. [1]
R Ot 2.8 LZ, LGt A= ST

..................................................................................................................

(iiy  Find the'sum of the first 8 terms of the arithmetic sequence which
is defined by the above harmonic progression. 2]

..................................................................................................................

........................... CoElER




St Stephen's School . 4

3 (10 marks)

(é) ARUmber of conjectures are made below. For each of the following =
conjectures, state if they are true or false. If it is true, give two examples
of when it is true. Ifit is false, give one example of when it is false.

The set of counting numbers is {1, 2, 3, 4, }

(i) If n is an add counting number greater than 1, then n—11s
always a multiple of 8.~ - HEE

1

multiple of 4. [2]

......................... SXb= T M4 rullnk dE A PRl
. e
........................................ N SR
. . _,%_,
(iiy  The product of three consecutive counting numbers is always a
multiple of 6. [2]

............................................... / (_/

The sum of three consecutive even counting humbers is always a
multiple of 6. 12]

.........................................................................................................

’r7#f2-2~#L;%ﬁf‘Ti:§;?;-;;;jé;ziggi L///’/ f:?;é?&#ézf?“'“~,:;

T T I R I L R T A I R R I aar I R .

(b)  Justify the claim that: the sum of three consecutive counting numbers is
always a multiple of 3. [2]

..............................................................................................................

..................................................................................................................

................................................................................................................
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St Stephen's School B
4 (14 marks)
Consider the following sequence: - R R HAIM Tole
T, 1
T, 110
T, 1101001
Each, linesis.ebtained by writing 1 in the middle and writing the line above on.fhe. ... .
left of the 1. On the right of th& middle 1, the line above is written againwith all -~ _ .
the zeros as ones and the ones as zeros,
This means that the next line, T, will be:
110100110010110
(a8)  Write the line for T, [1]
110]00110010/1.0.1.0010.11.00.110.L00 . ....0.
"
A new sequence, D, , represents the number of digits in each line of the T,
sequence. Therefore, : '
D, =1,D,= 3 and so on.
(b)  Give the value of [3]
o 0 D, e, % e e,
Gy D, L S }
/
(iii) D, 3/ ............................................................
(c)  Give a recursive definition for D [2]

...............................................................................

..................................................................................................................
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.. --_-Apother-sequence, W, , represents the number of ones in each ling of the. Lo cime. o
sequence, Therefore ' T

W, =1, W,=2 and so on.

(d) Give values for

u(‘ﬁ,}'f*m,?,.vd Fiaaaaaaniasnaaardu ety

() W, e

and (i)  ageneral expression for W, [2]

.........................................................................................................

V’ o P W,::::::»w-«
. e
«“"  Another sequence Z, represents the number of zeros in each line of the
T, sequence.
(e)  Therefore find _ = (5]
f
| O A
() Z e e e e
!
() Z, e f e s
(i) -z, WS"/ .................................... i, -
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5 (16 marks)

IR w2 TE pore g v - e
If the Umversal set 1nc}udes all infegers from 1 0 20 1ncluswe

(a) List (i) e A, which is the set of numbers divisible by 3

Zfs 69/2,15 /8]

(11) B whlch is the set of numbers d1v151b1_e:' by 5

ﬁ> 5 /0,08 2%7}
Vel

\, - . (iii)  C, which is the set of numbers divisible by 15
9
£ (1v) . P which is the set of Pr1me numbers
AR AR XA X A
e 'S b« (iv) ¢ F, which is the set of Fibonacci numbers
¢ =
T [/z.? ¢ 2
N (v)y FnA »
\/w (vij FUA

(b)

of elements in each region.

f L e

(0375

S

ﬂa séff@ ,mgf;f

- If A,P and F are as defined earlier, complete the Vcnn diagram, indicating the number jﬁ

[2]

8]
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